The homotopy analysis method HAM is applied to solve linear and nonlinear fractional partial differential equations fPDEs . The fractional derivatives are described by Caputo's sense. Series solutions of the fPDEs are obtained. A convergence theorem for the series solution is also given. The test examples, which include a variable coefficient, inhomogeneous and hyperbolic-type equations, demonstrate the capability of HAM for nonlinear fPDEs.
Introduction
Fractional calculus has been given considerable popularity and importance during the past three decades, due mainly to its applications in numerous fields of science and engineering. For example, phenomena in the areas of fluid flow, rheology, electrical networks, probability and statistics, control theory of dynamical systems, electrochemistry of corrosion, chemical physics, optics and signal processing, and so on can be successfully modelled by linear or nonlinear fractional differential equations fDEs 1-4 .
Finding accurate methods for solving nonlinear differential equations has become important. Some of the analytical methods for nonlinear differential equations are the Adomian decomposition method ADM 5-14 , the homotopy-perturbation method HPM 15-19 , variational iteration method VIM 12, [20] [21] [22] [23] [24] , and the EXP-function method 25 . Another analytical approach that can be applied to solve nonlinear differential equations is to employ the homotopy analysis method HAM [26] [27] [28] [29] . Some of the recent applications of HAM can be found in [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . An account of the recent developments of HAM was given by Liao 42 . HAM has been successfully applied into engineering fields. The method has been applied to give an explicit solution for the Riemann problem of the nonlinear shallow-water equations 43 . The obtained Riemann solver has been implemented into a numerical model to simulate long waves, such as storm surge or tsunami, propagation and run-up. 
where n is an integer, f is a linear/nonlinear function, and Caputo's fractional derivative has a useful property 54
The operator form of the nonlinear fPDEs 1.1 can be written as follows:
subject to the initial conditions
where A is a linear operator which might include other fractional derivatives of order less that α, B is a nonlinear operator which also might include other fractional derivatives of order less that α and C is a known analytic function. Applying the operator J α , the inverse operator of D α , to both sides of 2.4 with considering the initial conditions 2.5 according to 2.3 , we obtain
2.6

Homotopy analysis method (HAM)
The zeroth-order deformation equation
Let L denote an auxiliary linear operator, u 0 x, t is an initial approximation of u x, t which satisfies the initial conditions 2.5 . Note that, in this paper, the auxiliary linear operator L is not the same linear operator A of 2. According to 2.6 , we can choose the initial approximation to be
For simplicity, let us define, according to 2.4 , the nonlinear operator
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Hence, in the frame of HAM 29 , we can construct the so-called zeroth-order deformation
subject to the following initial conditions:
where q ∈ 0, 1 is the embedding parameter, / 0 is an auxiliary parameter, and U x, t; q is an unknown function on the independent variables x, t, and q. When q 0, since u 0 x, t satisfies all the initial conditions 2.5 , and φ 0 is a solution of Lφ 0, we have obviously
and when q 1, the zeroth-order deformation equations 3.4 and 3.5 are equivalent to the original equations 2.4 and 2.5 , provided
Using the parameter q, we expand U x, t; q in Taylor series as follows:
where
Assume that the auxiliary linear operator L, the initial guess u 0 and the auxiliary parameter are properly chosen such that the series 3.8 is convergent at q 1. Thus, due to 3.7 we have
The mth-order deformation equation
Let us define the vector
O. Abdulaziz et al.
5
Following Liao 26-29 , differentiating 3.4 m times with respect to the embedding parameter q, then setting q 0, and finally dividing them by m!, we have the so-called mthorder deformation equation
Substituting 3.3 into 3.14 , and since A is a linear operator, R m u m−1 can be given by
3.16
According to 3.1 , we can apply the operator J α to both sides of 3.12 to obtain
Using the property 2.3 and the initial conditions 1.1 , we have
Finally, for the purpose of computation, we will approximate the HAM solution 3.10 by the following truncated series:
3.19 
Convergence theorem
u n x, t 0.
3.22
Since / 0, then
Substituting 3.16 into the above equation and simplifying it, due to the convergence of the series u x, t u 0 x, t ∞ m 1 u m x, t and since A is a linear operator, yield Setting q 1 in the above equation and using 3.8 , we obtain
S x, t − A S x, t , S x x, t , S xx x, t − B S x, t , S x x, t , S xx x, t − C x, t .
3.27
From the initial conditions 3.5 and 3.13 , it holds that
3.28
Thus, S x, t is satisfied and also must be the exact solution for 2.4 .
Test examples
In this section, we shall illustrate the applicability of HAM to several linear and nonlinear fPDEs.
Problem 1
Let us consider the following linear time-fractional wave-like equations: 
Consequently, the first few terms of HAM series solutions are as follows:
4.5
and so on. Hence, the HAM series solution is
4.6
Since we choose the initial guess u 0 x, t to be the same initial guess used by ADM 12 , we can notice that when −1, the above expression gives the same solution given by ADM. Table 1 shows the HAM approximation solutions for 4.1 -4.2 when α 1.5, 1.75, and 2 with −1 and −1.0453. It is to be noted that the first four terms of the HAM series were used to evaluate the approximate solutions in Table 1 .
Problem 2
In this example, we consider the following one-dimensional linear inhomogeneous timefractional equation: subject to the initial condition
In Section 3, we chose the initial guess to contain the initial conditions and the source term C x, t . In this example, due to the appearance of noise terms and also to get the exact solution, we will modify the way we choose the initial guess. The initial guess is set to contain only the initial condition 4.8 , and the source term, C x, t 2t 2x 2 2, will be added to u 1 x, t . The other terms are obtained the same as described in Section 3.
Hence, the initial guess is given by
and according to 3.18 , we have
4.10
The terms of the HAM solution series can be given by
10
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4.12
Taking −1 in 4.12 , we obtain the exact solution,
Problem 3
Consider the following nonlinear time-fractional hyperbolic equation:
4.14 subject to the initial conditions
Equation 4.14 can be rewritten as follows:
From 3.4 , construct the following zeroth-order deformation:
11
The auxiliary linear operator can be chosen as follows:
with the property
while, the initial guess is
Again from 3.12 , the high-order deformation equation can be given by Consequently, the first few terms of HAM series solutions are given by
4.29
The four-term HAM approximate solutions for 4.14 -4.15 , when α 1.5, 1.75, and 2 with −1 and −1.0966, are shown in Table 2 . Notice that the HAM approximate solution when α 2 with −1.0966 is in good agreement with the exact solution, u x, t x/ t 1 2 .
Problem 4
Consider the following nonlinear time-fractional Fisher's equation: 
4.33
u 1 x, t − 10 e 4.35 Table 3 shows the 3-term HAM approximate solutions for 4.30 -4.31 , φ 3 , when α 0.5, 0.75, and 1 with −1 and −1.05133. We notice that the HAM approximate solution when α 2 with −1.05133 is in good agreement with the exact solution, u x, t 1/ 1 exp x − 5t 2 .
Conclusions
In this work, the homotopy analysis method HAM was implemented to derive exact and approximate analytical solutions for both linear and nonlinear partial differential equations of fractional order. The convergence region of the series solution obtained by HAM can be controlled and adjusted by the auxiliary parameter . We give some examples to show the efficiency and accuracy of the suggested method. It was also demonstrated that the Adomian decomposition method ADM is a special case of HAM for the first and second test examples.
